Introduction
Diophantus raised the problem of finding a set of four (rational) numbers which has the property that the product of any two numbers in the set increased by one is a square, and found such a set {1/16, 33/16, 68/16, 105/16} of four positive rational numbers. Fermat first found a set of four positive integers with the above property, which was {1, 3, 8, 120} . A set {a 1 , . . . , a m } of m distinct positive integers is called a Diophantine m-tuple if a i a j + 1 is a perfect square for all i, j with 1 i < j m. A folklore conjecture says that there does not exist a Diophantine quintuple, which is called the Diophantine quintuple conjecture. The first result supporting this conjecture is due to Baker and Davenport [2] , who showed that if {1, 3, 8 , d} is a Diophantine quadruple, then d = 120. This result has been generalized in three directions. First, Dujella [5] showed that if {k − 1, k + 1, 4k, d} with k 2 is a Diophantine quadruple, then d = 4k(4k 2 − 1); secondly, Dujella and Pethő [9] showed that if {1, 3 and thirdly, Dujella [6] (cf. [10] and [4] ). In general, Dujella [8] showed that there does not exist a Diophantine sextuple and that there exist only finitely many Diophantine quintuples. At this stage, no example of a Diophantine quintuple is known.
The following is stronger than the Diophantine quintuple conjecture. 
Lemma 5. (Cf. [8, Lemma 1] .) Let (z, x), (z, y) be positive solutions of (1), (2), respectively. Then there exist solutions (z 0 , x 0 ) of (1) and (z 1 , y 1 ) of (2) in the ranges
for some integers m, n 0.
Proof. This is exactly Lemma 1 in [8] , except the right-hand sides of inequalities, which are obtained from ac 48 and bc 528. 2
By (7) we may write z = v m , where
and by (8) we may write z = w n , where
Lemma 6. (Cf. [8, Lemma 8] , [7, Lemma 3] .) Proof. This is exactly Lemma 8 in [8] , except the second statement of (2). We first show that c 4ab + a + b. By Lemma 3 in [7] , we have cx 0 − s|z 0 | = |z 1 |. (9) Suppose that c = a + b + 2r. Then
On the other hand, we see from (4) , ac 48 and c > 4a that
and from (3) that cx 0
Hence we have
which contradicts (9) and (10 
On the other hand, by (6) we have
which contradicts (9) and (11) . Therefore, we obtain b < 2a. Proof. This is a direct corollary of Lemmas 5 and 7 in [8] . 2
Our first goal in this section is to show that if {a, b, c, d} is a Diophantine quadruple with a < b < c < d and if either m or n is odd, then n 5. This is done by examining carefully the equation v m = w n for n = 3 or 4 in each case of (2) to (4) in Lemma 6. In view of Lemma 8, we may assume that either m or n is not less than 4. 
It follows that v 3 < w 4 .
(ii) If z 0 > 0 and z 1 < 0, then
It follows that v 5 > w 4 .
If z 0 < 0 and z 1 > 0, then
It follows that v 5 < w 4 . Therefore, we obtain v 5 = w 4 .
(iii) We have 
It follows that v 4 > w 3 . If z 0 < 0 and z 1 > 0, then
It follows that v 4 < w 3 . Therefore, we obtain v 4 = w 3 .
(ii) We have 
However, by c a + b + 2r we have (b + a)c + 1 < tc and bt − as > (b − a)t, which lead to a contradiction. 
It is easy to see from c 0.25a −2.5 b 2 and b 8 that 2a It follows that z 0 −1.
If c = a + b + 2r, then |z 0 | = 1 by Theorem 8 in [12] . If z 0 = −1, then (5) and (6) imply that
If c = a + b + 2r < 4b, then |z 1 | = 1 by Theorem 8 in [12] and
Hence we have (
Proof. This is exactly Lemma 4 in [7] . 
Since
is in fact an equation, that is,
By (13) and (15), we have m(s ∓ 1) = n(t ± 1), which together with (13) implies that
where the signs are taken simultaneously (note that the plus sign in (15) implies the minus signs in (13)). If (16) holds with the upper signs, then n has to be negative. Hence we obtain Hence we obtain n < 1.3, which is a contradiction. If z 0 < 0, then in the same way as above we have 
Multiplying the both sides by s and by t respectively, we have
where 
, which together yield m = 0, a contradiction. Therefore, we obtain n > min{0.586a 
for all integers p 1 , p 2 , q with q > 0, where
Proof. The assumptions immediately imply λ < 2. All we have to do is find those real numbers satisfying the assumptions in the following lemma. 
Then
holds for all integers p 1 , . . . , p m , q with q > 0, where
log(L/D) and c 
and |p ijk |θ j max
where
The inequality (24) enables us to take
In the inequality (25), we have
Moreover, again by the arguments following Lemma 3.1 in [3] , we have min |A(z)| ζ /8, where
Hence we obtain
Therefore, we may take
Finally, we may take f = 2 and D = 2a 
for some integers l 1 , l 2 . By a consideration similar to the proof of Lemma 4.3 in [16] , we may take
and we may take f = 2, D = 2a
From the assumptions in Theorem 21, we obtain 
, we obtain the desired inequality. 2
The following lemma translates an upper bound for z into the one for n.
Proof. One may prove that if c > b
along the same lines as in the proof of Theorem 3 in [7] . This immediately shows the lemma. 2
We are now ready to bound c for irregular {a, b, c, d} (
in each case of (1) and (2), Lemmas 24 and 25 together imply that log(400b 8 ) log(42.07b 4/5 )
where (ii) Assume that both m and n are odd. Then we have (n − 1)/2 > 1.853b 9.5/4 and b < 3, a contradiction.
In any case, we obtain d = d + , which completes the proof of Proposition 27. We conclude this paper with some remarks. Corollary 3 implies that in order to settle the Diophantine quintuple conjecture, it suffices to examine the extensibility of regular Diophantine quadruples. [11] ). The problem is that there are so many pairs {a, b} with b 10 50 that we cannot apply the reduction method (cf. [2] and [9] ) to each of the pairs, using a computer of current performance. The key to solve the problem seems to be to develop the congruence method and Baker's theory. For this purpose, the strategies of Bugeaud, Dujella and Mignotte [4] can be relevant, where they applied a more precise congruence method and a theorem (see [15] ) of Mignotte on linear forms in three logarithms, combined with the theorem of Matveev, to the triples {k − 1, k + 1, 16k 3 − 4k}. The other solution would be to find an alternative to the congruence method or Padé approximation method; otherwise there would be nothing to be done but wait for the development of computer technology.
